
Math 565: Functional Analysis
Lecture 12

Existence of Banach limits. 7 EE199
*

such that

(i) [os= (chift-invariant) ;
(ii) Ill = 1

;

(iii) [lc = L ;

(iv) [is positive , i. e . x = 0 => Exc-0 .
In particular

,
if xele

,
then Lx1R.

Proof. The "in particular" part in liv) follows from the nonnegativity of I bense if xeli,
then x = X + -X- with X

+,
X--0

,
hence [(x) = [(x+) - [(x) = nonney - monregEIR .

We first define I or his
,
and then unikely extend (bs linearity) te ee.

Ut Y : = (x-S(x) : xE1)
,
the set of "roboundaries"

,
which is easily a subspace.

Claim. dist(1
,
Y) =: 111 + YIl = 1 = dist(1, ).

Pf of Claim
.

11 I + YII = /Alld =
1
. For the converse

,
fix

y
= X- sEY

.
Bense 11-yllg = /1-yll

for all neI
,
if I notIN such that ylnd = 0 , then 111-y/la : 11-y(40l = 1 + ly(o)121.

Suppose VatIN , y(n) > 0. But y
= x - S(x)

,
so y(ul = X (n) - X(u +) <O means x (n)> x(n+1)

.

Since XE &R ,
i
.
e
. bounded

,
monotone convergence tem implies linys = him kaxu - .

u -&

Thus , 111-y1ld211-yu) + =
as-> &

,
10 111-ylla : 1 .

By Hahn-Banach for annihilations subspaces . =[E
*
with [I= = 0

,
IV = 1,

and [(1) = 111 + Y11 = 1 .

(iii) Since Cr = CoR + IR . 1 and [(1) = 1
,
it is enough to show that [lc

,
= 0.

It x = 10
,
11 ,

then VELO and large enough neI , 11s"cll>[ , heare /[x1
= It(*12



112II . Ils" (x1k3
,
10 [x = 0. Another way bo set this is that Ci = LoR is

dease and clearly [Icin =O because for each xt
,
11 JuEIN S. %. six) = 0.

1 -

house (x = Ls"(x) = 0.

livl Suppose XEC is nonnegative but Exc0
. Replacing x with X

,
we may assome M .

Then On DEX (n)21
,
Gear 111-XIIg = sup11-Xaild1 so we must have

n

1[(1-x)1 = 11-h()) > 1 = 111-1x/la
,
a contradiction

.

Now define [ on e = e + :li by Ex : = [(Rex) + it (Emx)
.
All of lik,

(iii)
,
(iv) still hold by linearity ,

but instead of (ii) we only have IE11I11 +HI11 = 2

.

We show Met III= ) by proving 11_1 . Since [ (has norm = 2) is continuous,
it suffices to Mor IE11E1 or a dense subset of 1. Let

S := <xce: x(IN) is finite , i. e . X is a simple function?
Recall What for a Gold fold - simple functions (ful Ee* with futfuniformly
and I full (f)

,
here fasf in e*norm .

Thus
,

S is dense in e /

let XeS
,
so x = Zdi1Ai

,
where didK and IN = WAi

.

But
ick <k

1 = [(1) = [(AN) = I [ (Ai
i < k

Lens Ar[C1A is a finitely additive measure on OCN) . The,
[x=RitAi) = weighted average of the di bene THAi0 and add updo

Herre 15x1 = maxkil = xlld ,
Hence lik on S

,
us on e a

Remark
.
The last Morem gives another proof butI' is not reflexive by exhibiting
a concrete element [of 110*E

.

Indeed
,
for all fee

,
fos f

bease limf (u) = 0.

In other words,
ned

I defines a finitely additive measure on PNN) which is

diff-invariant (ths
, proving Not IN is an amenable semigroup).



Bounded linear functionals [as in the theorem are called Banach limits

or means on ed.

There we other linear functionals in 1990
,
1
.

e
.

other finitely additive reasures on

P (N)
,
which are notshift invariant

,
but using them

,
one could construct

means .

Net
. A finitely additive 8/1-valued measure on PCIN) is called an ultrafilter-measure.

Trivial examples. Diac measures On
,
neIN

,
are ultrafilter-measures.

The name ultrafilter comes from looking at the collection Fr of measure 1 sets of

an ultrafilter-measure M on PCM
.

This set Fr satisfies :

(i) Fais upward closed : At 5 and AEB => BEF.

(ii) Fr is closed under finite intersections (bene finite unions ofm-wall sets we n-wall).
(iii) For every ACIN , exactly one of A or Ad is in 5

Mo

collections of cuts satisfying (i) and (ii) are called filters (thre dual of ideals
Property (iii) makes the filter ultra

. Cull a filter principal if it contains a singleton.
Thus

, Fr is principal exactly when he is a Dirac measure.

Conversely , given any filter F : PCI)
,
note that A : = FWF

,
where F := /AI : A5),

is an algebra , and M: A
+ 10 , 1) defined by Arti AE is a finitely

additive P/1-valued measure on A. Furthermore,

ifI is an ultrafilter
,
then A = P(IN)

,
so

Mr
is an ultrafilter-measure

.

Also
, Me

is a Dirac measure exactly when 5 is principa

Example . The collection of cofinite subsets of IN is a nonprincipal filter, but it is not ultra bense

doesn't contain any infinite and co-infinite out
.
This filter is called the Fricket filter.



Theorem
.
There is aconprincipal ultrafilter on IN.

Proof
.

Start with the Fricket Filter J
,
so it is already monprincipal. By Zorn's

Comma ,
here is a maximal filter 225

,
if 1922 is a fiter

,
then I'=2.

We show that this he is ultra
.

Fix AEIN and suppose
A #1

.
If AlU =D fr

some UEM
,
then Al hence by (i)

.
A'z1

.

Thus suppose that MUSAS satisfies
the finite intersection property , i . e . (ii) . Then we lettll be the filter generated
by IVIA) ,

so H1 and is a filter
, contractising the maximality of2.

For a bold sequence xte&, x admits a converput subsequence by Bolzano-Weierstress.
One can use a nonprincipal ultrafilter bo "coherently choose" one such subsequence
for every bod requence.

Def. Let m be a finitely additive P/1-valued measure on an algebra A : P() (i . e. Fo is a filter).
lim x(n) = L

,
if VEsOthe limit of X along M is LED

,
and writeWe say

Mat
n + M

| x(n) - L/ < > for M-a . e . neIN , i . e . MIGnEIN
: (x (n)-21 < 2)) = 1 .

Examples. (a) The usual motion of limitlim x (2) is the same as limit along the Frechet filter.
n->&

10) For a Dirac measure Ino
,
notIN

,
limx(n) = X(no.
h-One

Prop . Limits of bod
requences along ultrafilters always exist . (HW .)

Having a non-Dirac ultrafilter measure (i . e . a monprincipal ultrafilter) m on PCN)
,
we

can define a mean on ed as follows : for each feld ,
[(x) :
=limutxl

It is not hard to check that indeed [(x) is a mean on la giving a different proof of the exis-
tence of means onId


